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We consider two dimensional systems in which edge states coexist with a gapless bulk. Such
systems may be constructed, for example, by coupling a gapped two dimensional state of matter
that carries edge states to a gapless two dimensional system in which the spectrum is composed of
a number of Dirac cones. We find that in the absence of disorder the edge states could be protected
even when the two systems are coupled, due to momentum and energy conservation. We distinguish
between weak and strong edge states by the level of their mixing with the bulk. In the presence of
disorder, the edge states may be stabilized when the bulk is localized or destabilized when the bulk
is metallic. We analyze the conditions under which these two cases occur. Finally, we propose a
concrete physical realization for one of our models on the basis of bilayer Hg(Cd)Te quantum wells.
PACS numbers: 03.65.Vf, 73.20.At, 73.21.Fg, 73.43.Cd
Introduction — The classification and realization of
topological states of matter are among the main themes
in modern condensed matter physics [1–3]. Of particular
interest are topological insulators and topological super-
conductors, which have drawn a great deal of attention
over the past few years [4–14]. The bulk of these states
is gapped, but the edge is commonly gapless. The gap-
less edge modes are protected from back-scattering and
localization either by chirality or by symmetry.
In this work, we present several examples of two dimen-
sional models that simultaneously host one-dimensional
gapless modes on the edge and are gapless in the two-
dimensional bulk. In the absence of disorder, these mod-
els all share similar spectral and transport characteris-
tics, showing distinct bulk and edge contributions that
do not mix. In contrast, the effect of disorder unrav-
els the difference between these models. In some of the
models disorder stabilizes the edge modes and decouples
them from the bulk, while in others it completely mixes
the two. Similarly, the different nature of the different
models is unraveled when we introduce weak perturba-
tions that open energy gaps in the spectrum. We provide
concrete Hamiltonians for the different models based on
coupling a gapless phase to a topological phase, for ex-
ample in a bilayer system, and analyze the spectral and
transport properties of these models. Beyond that, we
present a concrete physical realization based on a bilayer
Hg(Cd)Te quantum well. Note that the systems we con-
sider share the lack of bulk energy gaps with Weyl semi-
metals, but are distinguished from the latter by being
two dimensional and by having no topological protection
to the gapless nature of the bulk.
The edge properties in gapped topological states of
matter can be studied through the local density of states
(LDOS). At energies smaller than the bulk energy gap,
the LDOS is non-zero at the edge, and decreases expo-
nentially as a function of the distance from the edge. Due
to the absence of a bulk gap, this is not the case for the
systems we consider, and we therefore have to employ
different methods for studying the edge. For the clean
case, we study a cylindrical geometry, in which the lat-
tice momentum parallel to the edge, k||, commutes with
the Hamiltonian. We find two types of edge states, which
we call strong and weak. Strong edge states carry a mo-
mentum k|| and an energy (k||) for which there are no
bulk states. Consequently, their wave functions are ex-
ponentially localized near the edge with the localization
length being inversely proportional to the bulk gap at k||.
Weak edge states occur when for all values of k|| and en-
ergies (k||) for which there are states at the edge, there
are also states in the bulk. The edge states then hybridize
with the bulk states, and their wave functions are not ex-
ponentially localized. We find that the “strength” of the
edge mode depends on the orientation of the edge. For
the models we consider, there are only a few orientations
in which the edges are weak.
The edge states are also reflected in transport. We
distinguish between edge versus bulk transport by study-
ing transport in devices of two terminals with both peri-
odic and hard wall boundary conditions. This method is
useful also in the presence of disorder, where states are
not characterized by momentum. Generally, in gapped
phases with non-trivial topological index, edge state
transport is robust as long as the relevant energy scales
for transport are smaller than the bulk gap. Remarkably,
for the systems we consider, the bulk gap vanishes, and
yet the edge state transport may still be robust. In par-
ticular, we find that disorder may even stabilize the edge
state transport.
The effect of disorder on the systems we consider may
be inferred from the effect of a translational invariant
perturbation that opens a gap in the bulk spectrum.
Such a perturbation makes the system acquire a well-
defined topological index. When the topological index
is a Chern number whose value does not depend on the
perturbation that opens the gap, the gapless phase is a
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2transition between two insulating phases with the same
Chern number. Then, in the presence of disorder, the
bulk states may become localized and the edge states
stabilize. In contrast, when the gapless phase separates
two topologically distinct insulating phases the phase di-
agram in the space of disorder and gap-opening pertur-
bation must contain a critical line, where the bulk states
remain delocalized and the edge states disappear. Away
from the critical line, the system is a well-defined Chern
insulator. For cases where the topological index is not
a Chern number, the localization properties of the bulk
and edge states depend on the symmetries of the specific
model.
We now introduce four models that share the same
behavior in the absence of disorder, namely a coexis-
tence of edge states and gapless bulk, but strongly dif-
fer away from that point. The models we consider are
based on a designed coupling between a gapped two-
dimensional topological phase H1 and a gapless two-
dimensional phase H2. The simplest example would be
a bilayer system in which the two layers are described by
the Hamiltonians H1, H2 and are tunnel-coupled by Hc.
The combined Hamiltonian can then be written as
H =
(
H1 Hc
H†c H2
)
. (1)
Here, the topological phase H1 is an insulator or a super-
conductor with a non-trivial topological index. For sim-
plicity, we assume that the gap of H1 is the largest energy
scale. The Hamiltonian H2 is gapless, for example, hav-
ing a Dirac spectrum. The coupling Hc is chosen such
that the full Hamiltonian remains gapless. The different
blocks should be combined such that the full Hamiltonian
is irreducible, and hence it belongs to a symmetry class
according to Ref. 1. In general, the symmetry class of the
full Hamiltonian is the minimal symmetry of H1 and H2,
although, by fine tuning parameters, the resulting Hamil-
tonian may accidentally obey additional symmetries.
In the first three models H1 describes a quantum Hall
state with a non-zero Chern number, while H2 describes
three gapless phases that follow three different symme-
tries. As a consequence of the different symmetries, the
effect of disorder on the three systems is markedly differ-
ent. The fourth model belongs to a different topological
class, but has the advantage of being experimentally ac-
cessible in a bilayer Hg(Cd)Te quantum well.
Model I — A gapped Chern insulator coupled to a two-
dimensional Dirac metal. For the topological part, H1,
we take the Qi-Wu-Zhang Hamiltonian [15] of the quan-
tum anomalous Hall effect,
H1 =(k)− (t0(cos kx + cos ky)− µ)σz (2)
+ v1(σx sin kx + σy sin ky),
where (k) = t1(1 − cos kx − cos ky)σ0 is the kinetic en-
ergy and the σ’s are the Pauli matrices in spin space.
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FIG. 1: (Color online) Band structure and edge state
wave functions of model I for different edge
orientations. Edges along the y direction in (a) and (b):
Well-localized states on the two edges (red, green)
coexist with zero modes in the bulk (blue). Edges along
the x direction in (c) and (d): Hybridized edge states
(red) coexist with the bulk states.
Here and in the following, we set the lattice constant to
a = 1, as well as t0 = 1, expressing all other Hamil-
tonian parameters relative to these scales. The model
belongs to symmetry class A and has a non-zero Chern
number for 0 < µ < 2. For the gapless part, we use
H2 = v2(σx cos kx + σz sin ky), which contains four Dirac
cones in its spectrum, at (±pi/2, 0) and (±pi/2, pi). Notice
that this model obeys effective time-reversal, particle-
hole and chiral symmetries which all three square to
unity: T = σxK, P = σzK and C = σy, respectively.
Therefore, it belongs to class BDI, which is topologi-
cally trivial in two spatial dimensions. Finally, we take
Hc = t(σ0 + σx) for the coupling Hamiltonian. In fact,
for any Hc with a zero determinant, the full Hamiltonian
remains gapless. Solving for its spectrum in a cylindri-
cal geometry, we find weak edges when the boundary is
along the y direction or spans an angle of ± arctan (0.5)
with the x axis. The strong edge states appear for all
other boundary orientations.
The band structure of the system with open boundary
conditions in the y direction is shown in Fig. 1a. The blue
points denote bulk states while the red/green points de-
note right/left propagating edge states, whose wave func-
tions decay exponentially into the bulk (Fig. 1b). The
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FIG. 2: (a) Disorder averaged bulk conductance of
model I as a function of disorder strength δ and the gap
opening parameter m. Chern numbers of the two
phases are shown. (b) Average conductance G/G0, for
m = 0, as a function of δ, for periodic (red) and hard
wall (blue) boundary conditions, see Ref. [16] for
simulation parameters. The difference between the two
curves is due to edge state conductance.
zero modes in the bulk coexist with well localized chiral
edge states. In contrast, the spectrum and typical edge
states of a system with open boundary conditions in the
x direction are shown in Fig. 1c, d. Here, the red points
denote edge states that hybridize with the bulk. We find
numerically that the local density of states near the edge
is larger than in the bulk (not shown), but the latter does
not decay to zero at large distances from the edge.
Adding a mass term mσy to H2 opens a bulk gap.
This term breaks both the P and C symmetries of H2,
but leaves T intact. Hence, the gapped version of H2
belongs to class AI, which is also topologically trivial
in two spatial dimensions [1]. The full Hamiltonian, for
v1 6= v2, is then a class A Chern insulator with a non-zero
Chern number that is independent of the sign of m, so
it belongs to the first class of models mentioned in the
introduction. Therefore, the system has to have chiral
gapless edge states as well as a gapped bulk, independent
of the orientation of the edge. The weak edge states
must therefore be stabilized by the appearance of a small
mass term. In fact, the same holds for disorder – the full
Hamiltonian belongs to class A, in which the bulk states
become localized. Due to the non-zero Chern number,
the edge states cannot disappear, and must therefore be
stabilized by disorder.
To confirm this expectation, we numerically analyze
two-terminal transport in the system. All transport sim-
ulations are performed using the Kwant code [17]. We
discretize the Hamiltonian on a square lattice of L ×W
sites, and attach ideal leads in the x-direction. This en-
ables us to compute the scattering matrix
S =
(
r t
t′ r′
)
, (3)
which we use to determine the conductance G/G0 =
Tr t†t, G0 = e2/h, in the low bias voltage, low tem-
perature limit. In the y-direction, we use either hard-
wall boundary conditions (Hall bar geometry), or apply
periodic boundary conditions to the states, ψ(x, 0) =
ψ(x,W ), to access only the bulk contribution to trans-
port (Corbino geometry). Here and in all other models,
disorder is introduced as a random variation of the Fermi
energy, drawn independently for each lattice site from the
uniform distribution [−δ, δ].
As seen in Fig. 2b, when the disorder strength δ in-
creases the bulk contribution goes to zero, while the
edge contributions become quantized. The phase dia-
gram is obtained by performing transport simulations
with periodic boundary conditions and in the presence of
a mass term (Fig. 2a). Starting from the gapless point,
m = δ = 0, both the addition of a mass term or disor-
der drive the system into a Chern insulating phase with
C = 1.
Model II — A gapped Chern insulator coupled to a
Chern insulator at its critical point. In this model, we
keep H1 as before, but replace H2 by a Hamiltonian of a
quantum Hall state at the transition between two Chern
numbers. This Hamiltonian is nothing but the Hamilto-
nian appearing in Eq. 2 with σz → −σz and with µ = 2.
Here, the gapped H2 belongs to class A with either Chern
number zero or −1. Therefore, the full Hamiltonian is a
class A Chern insulator with a Chern number changing
from C = 0 to C = 1. In contrast to model I, here the
edge states disappear as disorder is introduced, since the
system enters a C = 0 phase. The phase diagram of this
model is shown in appendix A.
Model III — A gapped Chern insulator coupled to a
quantum spin Hall state at its critical point. In the pre-
vious models, both the gapped and the gapless Hamilto-
nian were subjected to localization by disorder. Now we
choose an H2 that does not get localized by weak disor-
der. Interestingly, we find that its coupling to the gapped
Chern insulator makes it amenable to localization. We
set H2 to be the Bernevig-Hughes-Zhang (BHZ) model
for the quantum spin Hall effect [8],
H2 =
(
h(k) Γ(k)
Γ†(k) h∗(-k)
)
(4)
with
h(k) = (M0 + 2M2(1− cos kx − cos ky)σz +Aσx sin kx+
(C0 + 2C2(1− cos kx − cos ky)σ0 −Aσy sin ky,
Γ(k) =∆ (σ0 sin kx + iσz sin ky)− i∆0σy,
(5)
where the σi’s act in the subspace of the E and H orbitals
of the BHZ model. We choose M0 such that H2 is in
a metallic region between two non-trivial quantum spin
Hall phases (symmetry class AII). For the full model, we
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FIG. 3: (Color online) (a) Disorder averaged bulk
conductance (color scale) of model III, as a function of
M0 and disorder strength δ. (b) Average bulk
conductance for M0 = −0.75 and δ = 0.87, as a function
of the system size L for different coupling strengths.
The conducting region around δ = 1 becomes localized
as the system size is increased. See [18] for simulation
parameters.
take H1 as in Eq. (2), and a simple coupling Hamiltonian,
Hc = t
(
1 i 1 i
1 i 1 i
)
. (6)
Similar to Figs. 1a and 1b, in the absence of disorder,
bulk and edge modes coexist in the spectrum, as shown
in appendix B. While H2 is time-reversal symmetric, al-
lowing for the existence of metallic phases in the presence
of disorder, the coupled model belongs to class A, where
weak disorder leads to localization. Seemingly, the phase
diagram in the space of M0 and disorder strength δ, de-
picted in Fig. 3a, shows a metallic phase at finite disorder
strength (close to δ = 1), reminiscent of that present in
the BHZ model. However, a conductance scaling analysis
(Fig. 3b) shows that it is only metallic in the decoupled
case. When the coupling is turned on, the conductance
decreases with system size, showing that the presence
of the conducting region is caused by the finite-size of
the system. In accordance with Fig. 2a, as the disor-
der strength is increased, the bulk states localize leaving
behind only the quantized conductance contribution of
the edge states. This exemplifies the fact that both the
topological and the localization properties depend on the
symmetry class of the full Hamiltonian. In the thermo-
dynamic limit, the phase diagram of this model should
be identical to that of model I.
Model IV — A gapped quantum spin Hall phase cou-
pled to a quantum spin Hall phase at its critical point.
We now consider both H1 and H2 to be BHZ models,
Eqs. (4) and (5), with different mass terms, M0,1 and
M0,2, respectively. We set H1 to be in a topological
phase and H2 in a metallic region. This model can be di-
rectly implemented experimentally, for example with two
coupled Hg(Cd)Te quantum wells as proposed in Ref. 19.
Most directly, this model may be realized in such systems
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FIG. 4: (Color online) (a) Disorder averaged bulk
conductance of two coupled BHZ models, as a function
of disorder strength δ and M0,2. (b) Average bulk
conductance for δ = 1 and M0,2 = −1.47, as a function
of the system size L for different couplings t. See [21]
for simulation parameters.
when one of the quantum wells is grown with a critical
thickness [20] while the other well is chosen to be in a
topologically non-trivial phase. Remarkably, the system
may be driven to the gapless point (see appendix C) by
the application of voltage on front and back gates even
when the thickness of the two wells does not conform to
this requirement.
We choose a coupling Hamiltonian Hc = t (σ0 + σz) τ0,
found in Ref. [19] to describe the experimentally acces-
sible parameter regime. The Pauli matrices σ describe
the space of the E and H orbitals, and τ parametrize the
spin degree of freedom. In the absence of disorder (ap-
pendix C), we find features similar to the previous mod-
els, the system simultaneously hosting gapless modes in
the bulk and on the edge. Like in model III, when M0,2
is changed the bulk becomes insulating, but this time it
is characterized by a different invariant, belonging to Z2
instead of the Z valued Chern number. The disordered
case also shows a behavior different from the previous
models. Since the full Hamiltonian belongs to class AII,
weak anti-localization leads to the formation of a metal-
lic phase at finite disorder strength, see Fig. 4a. This is
confirmed by the scaling analysis of Fig. 4b, showing that
the conductance increases with system size.
Summary — We have suggested a route to theoret-
ically and experimentally realize unusual two dimen-
sional topological phases that simultaneously host gap-
less modes in the bulk and on the edges. We find that
the modes on the edge exhibit a peculiar structure that
depends on the boundary orientation. Additionally, we
find that the behavior of these phases in the presence of
disorder can be extracted from the clean limit by ana-
lyzing their topological properties in the presence of an
infinitesimal bulk gap.
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APPENDIX
A. Model II
The second model presented in the main text consists
of two coupled quantum anomalous Hall systems (QAH),
with the Hamiltonian
HII =
(
H1 t(σ0 + σx)
t(σ0 + σx) H2
)
, (7)
where
H1,2 =(k)± (µ1,2 − cos kx − cos ky)σz (8)
+ v1(σx sin kx + σy sin ky),
and (k) = t1(1− cos kx − cos ky)σ0.
We choose µ1 = 1 such that H1 is in a non-trivial phase
with C = 1. For µ2 = 2, H2 is at a transition between
two Chern insulating phases with C = −1 for µ2 < 2,
and C = 0 for µ2 > 2. As such, the combined system is
trivial for µ2 < 2 and has C = −1 for µ2 > 2.
Similar to the other models, the Hamiltonian (7) was
discretized on a square lattice of L×W sites (lattice con-
stant a = 1), and disorder was introduced as a random
change of the on site Fermi energy, chosen independently
for each lattice site from the symmetric uniform distribu-
tion [−δ, δ]. We have used L×W = 80×80, t1 = t = 0.2,
and v1 = 1.
The phase diagram as a function of disorder strength
δ and µ2 is shown in Fig. 5a. The bulk insulating phases
are separated by a critical line across which the edge
states localize, when the topological invariant changes
from C = 1 to C = 0. In addition, there is a conducting
region throughout the plotted µ2 range close to δ = 3,
similar to that in Fig. 3. This feature is a finite-size ef-
fect which appears due to the different gaps of H1 and
H2. As in model III, the gap of H1 is kept constant while
that of H2 is closed and reopened when it undergoes a
topological phase transition. Therefore, increasing the
strength of disorder causes H1 and H2 to Anderson lo-
calize at different values of δ, leading to a finite-size effect
which is more pronounced for a larger difference between
their gaps. The scaling analysis of Fig. 5b confirms the
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FIG. 5: (Color online) (a) Average bulk conductance of
Eq. (7) as a function of disorder strength δ and µ2.
Each point was obtained by averaging over 100 disorder
realizations. (b) Average bulk conductance for µ2 = 2
and δ = 3.1, as a function of the system size L for
different coupling strengths t.
FIG. 6: (Color online) Left panel: Band structure of
model III with open boundary conditions in the
x-direction. The color scale shows the weight of the
state on the first and last 10% of lattice sites. Right
panel: Intensity as a function of position for the edge
states at ky = 0 in the left panel.
nature of this conducting region, showing that bulk con-
ductance decreases with increasing system size. In the
infinite system size limit, starting from the critical point
of the clean system, µ2 = δ = 0, both the bulk and edge
conductance would go to zero for µ2 = 0 and any δ > 0.
B. Model III
Coupling a system in a quantum Hall phase to a BHZ
model in a metallic phase leads to a spectrum similar to
that shown in the main text as depicted in Fig. 1. Bulk
and edge states coexist at the Fermi level and overlap
in momentum, causing them to hybridize (Fig. 6). Even
though they no longer decay exponentially into the bulk,
their wave functions are still visibly peaked at the edges
of the system. We use M0 = −0.49, t = 0.1, keeping all
other parameters unchanged compared to the main text.
6FIG. 7: (Color online) Left panel: Band structure of
model IV with open boundary conditions in the
x-direction, showing hybridized bulk and edge states.
The color scale shows the relative intensity of each state
on the first and last 10% of lattice sites. Right panel:
Intensity as a function of position for the edge states
located at ky = pi in the left panel.
FIG. 8
Schematic setup of a double quantum well structure in
Hg(Cd)Te, realizing a gapless topological phase.
C. Model IV
As in the other models, Fermi level bulk and edge
states can coexist in two coupled BHZ Hamiltonians. For
some energies, edge and bulk states overlap, and there-
fore hybridize. Nevertheless, the spatial profile of the
hybridized wave functions shows clear peaks at the edges
of the system. We illustrate this observation in Fig. 7,
using M0,1 = −1, M0,2 = −1.45, and keeping all other
parameters as in the main text.
Model IV is realizable in a double HgTe quantum well
structure in a CdTe matrix (Fig. 8), a setup proposed in
Ref. 19. One of the quantum wells should be grown with
the critical thickness of 6.3nm, which has been experi-
mentally realized in Ref. 11, while the other is chosen to
be topologically non-trivial, with a width of, e.g., 7nm.
Both are described by the BHZ model of Eq. (4), where
the parameters are adjusted to the thickness of the re-
thickness A/eV M2/eV C0/eV C2/eV M0/eV
7.0 nm 0.365/ac −0.706/a2c 0 −0.532/a2c 0.01009
6.3 nm −0.373/ac −0.857/a2c 0 −0.682/a2c 0
TABLE I: Parameters used for the non-trivial quantum
well (top row), taken from Ref. 22, and the gapless one
(bottom row), from Ref. 20. We choose an effective
lattice constant ac = 0.64nm, and absorb the chemical
potentials, parametrized by C0, into the gate voltages,
setting them to zero (see text).
spective quantum well. For this, we use the more experi-
mentally relevant estimates of the parameters of Refs.22
and 20, summarized in Table I.
For clarity, we neglect off-diagonal terms in the BHZ
models, such as bulk and structural inversion asymmetry,
[8, 22, 23] since they vanish at the Γ point, where the bulk
gap closes. The two quantum wells are coupled by the
term introduced in Ref. 19, which fulfills the following
properties:
1. the overlap between the E1 states of the quantum
wells is much stronger than the overlap between the
H1 states [24], and
2. at the Γ point, the overlap between the E1 and
H1 states of different quantum wells vanishes due
to rotational symmetry along the axis of crystal
growth [25].
These properties guarantee a simple structure of the inter
layer coupling at the Γ point,
Hcoup(0) = t (σ0 + σz) τ0ρx, (9)
where σ, τ and ρ are Pauli matrices describing the band-
index, time-reversal and layer degree of freedom, respec-
tively.
The value of M0,2 at which the topological phase
transition occurs changes as a function of the coupling
strength t, such that the well of critical thickness be-
comes a gapped, topologically trivial system when t > 0.
However, for any coupling Hamiltonian that preserves
time-reversal symmetry there exists a value of M0,2 at
which the combined system is a gapless topological insu-
lator.
Rather than tuning the width of the quantum wells to
reach this point, the bulk gap my be closed by shifting
their chemical potentials relative to each other. This can
be done by applying different gate voltages on top and
bottom gates, Vt and Vb, as shown in Fig. 8. The com-
bined system then becomes gapless when the top of the
valence band in one well and the bottom of the conduc-
tion band in the second well touch each other.
Due to the coupling between the layers a gap is re-
opened when the two bands overlap, with both gapped
phases being topologically non-trivial Z2 insulators. For
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FIG. 9: (Color online) Band structure of model IV with
open boundary conditions in the x-direction.
M0,1 = −M0,2 = 0.01 and the coupling between the
layers is t = 0.1. Other parameters are as in Tab. I. The
band structure is calculated for three different gate
voltage configurations such that (a) ∆V = Vc − 0.02 (b)
∆V = Vc (c) ∆V = Vc + 0.02. The red and green points
denote left/right moving edge states, while the blue
points denote bulk states.
the coupling in Eq. (9), there is a critical voltage differ-
ence, ∆V ≡ Vc, at which the bulk gap closes. Generally,
the critical voltage, Vc, depends on the bulk gaps and
chemical potentials of the uncoupled wells, and also on
the coupling between the layers. However, for the exper-
imentally accessible case where |M0,1 −M0,2|  t, the
critical voltage is Vc = (M0,1 − M0,2) − (C0,1 − C0,2),
independently of t. Experimentally, the bulk gap clos-
ing should appear as a region of increased conductance
through the sample, as a function of Vt and Vb. We show
the band structure of such a system for three different
gate voltages in Fig. 9. Here, M0,1 and M0,2 are cho-
sen such the top layer is in a topological insulating phase
while the bottom layer is in a trivial insulating phase.
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